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Generic Kirman-Rostovstev Plate Equations in an Affine Space

E. J. Brunelle*
U. S. Air Force Institute of Technology, Dayton, Ohio

The Kirman-Rostovstev plate equations are affinely transformed into equations that depend only on the generic
plate constants D*, H*, and ¢ associated with the well-known linearized orthotropic plate/slab equations. Fur-
thermore since H* is a function of D* and ¢ only, with € being a weak parameter, the only fundamental constant
is D*. This means that regardless of what analysis technique is used, the results can be cast in terms of only one
strong material parameter (whose range is 0-1). The affine stretching is performed on the dependent variables
(u,v,w,F) as well as the independent variables (x,y,?) so that the dependence of all quantities of interest on D*
and e are easily calculated (e.g., even auxiliary quantities such as stress, strain, all weighted stress resultants,
etc.). Some typical results (static side load response, collapse load limited by rib buckling) are presented by modi-

fying an approximate technique due to Donnell.

Nomenclature
A,B,C =affine stretching constants for the inde-
pendent variables, Egs. (18), (21a), and
(21b)
a,b =in-plane plate dimensions
ay,b, =in-plane affine plate dimensions
=isotropic plate stiffness
Dy = orthotropic plate constants
D* = generalized rigidity, Eq. (28¢)
E\,E, =in-plane elastic moduli
f =affine stretching constant for the stress
function, Eq. (14)
F,F, =stress function, affine stress function, Eq.
(22g)
G, =in-plane shear modulus
H* = generalized extensional rigidity, Eq. (28b)
h =plate thickness
K, .,K, =solution constants
L£(,) =two-parameter plate operator, Eq. (28¢)
m =mass per unit middle surface
Do =uniform affine side load
q =physical side load
an = first Fourier expansion coefficient of ¢
S,S; = global solution scalars
Sx07Sy, =affine (average) membrane stresses
u = ultimate compressive load parameter, Eq.
(53)
4L, =time, affine time
u,v,w; uy,Uy,w, =displacements, affine displacements
wi = first Fourier expansion coefficient of w,
XY XosYo = space dimensions, affine space dimensions
o, B,y = affine stretching constants for the
displacements, Eqgs. (20a), (20b), (2la),
(21b), and (28a)
€ = generalized Poisson’s ratio, Eq. (28d)
Vip =Poisson’s ratio
(04 )0 =affine rib buckling stress
Lo =rib buckling load parameter, Eq. (54)
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Introduction

HE elegant and imposing equations of von Karmén,! as

modified by Rostovstev,? can be solved approximately
by a variety of techniques, all of which yield specialized
results (i.e., for the given set of elastic constants, specific
relational curves such as deflection vs side load for a fixed
aspect ratio, etc., can be solved) in spite of being generally
laborious. A standard summary of such techniques is given
by Chia.? So little solution information exists that it is not
possible to give a general overview of how the solutions
change when specific sets (usually the unit set) of elastic con-
stants change. That is, a physical intuition concerning the
solutions has yet to be abstracted from specific results.
Clearly, the existence of eight elastic constants in the or-
thotropict Karman-Rostovstev (K-R) equations makes it very
difficult to predict the parametric solution behavior and, in
fact, the general question ‘‘if these constants are changed
and those constants are not changed, how is the specific
solution (static, dynamic, postbuckling, etc.) altered?’’ does
not presently have a satisfactory answer.

A method that allows solutions in terms of significantly
fewer plate constants should be very valuable. [Indeed, such
has been the case for the linearized orthotropic (uncoupled)
plate/slab equations as presented by Brunelle*® (and with
Oyibo?10); this material provides an overview of the
language and concepts of such linearized problems and is
recommended adjunct reading. ]

It is natural to ask if the use of generic constants and af-
fine transformations will recast the K-R equations into an
analytically more attractive set of relations. The answer, as
will be demonstrated, is yes and the generic constants in-
volved are the same constants (D*, H*, and ¢) that appear in
the linearized orthotropic plate/slab equations. However, the
required affine space transformations are considerably more
complicated, since the dependent variables u, v, w, and F
(displacements and stress function) must be transformed as
well as the independent variables x, y, and ¢. Furthermore,
since H* is a function of D* and e and since solutions are
weakly dependent on ¢, there is only one strong elastic
variable (D*) in the entire transformed equation set (the K-R
equations, in-plane stress-strain relations, and w-related
boundary conditions). This fact underlines the basic con-
tribution of the present work. It is now possible to acquire a
comprehensive grasp of the K-R equation solution

tA more orderly state of affairs exists with the isotropic Kdrman
equations since £ and » are only independent elastic constants [i.e.,
G=E/2(1+»)].

1The anisotropic version of the Karman-Rostovstev equation is
much more complicated and is left for future investigations.
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dependence on the elastic constants because 1) whatever
analysis technique’ is used (series, perturbation, MWR, etc.)
the answers appear in terms of only D*, €, and the affine
aspect ratio a,/b,, and 2) since D* has the limited range of
0-1 for all materials,! it is truly feasible to display the entire
range of parametric solution effects.

The K-R Equations
and Their Transformed Counterparts
Using the affine transformations

x=Ax, (1a)
y=By, (1b)
t=Ct, (lo)
u=ou, (1d)
v =B, (1e)
w=vw, 1n
F=fF, (1g)

the K-R equations

1 3*F +< 1 21/12) *F + 1 3*F
Ey oxt G, E,/ox*oy* E, *

B < 32w>2 Pw 9w @
~ \axdy Xt 2
*w F*w *w Pw

—F+2(D12+2D66)ax26y2 +D,, 5 "

P*F  ’w P*F 9w N 0*F 62w>
ayr  oax? dxdy oxdy  ox* 9y?

Dll

=q(x,y,t)+h

3

and the stress-strain relations

w1 *F PF
( ) E, < 2 6x2) “

v 1 aw\2 1 E *F *F
+7(——) (e ) ©

ay ay E, Ey, ay?
v u aw  Ow 1 F
+ + =— 6)
ox ay ox dy G,/ dxdy

become, after multiplying Eq. (2) by A?B>*VEE,, and
dividing Eq. (3) by v,

B* | E, 34F0+2H* 3*F, N A | E, 8'F,
A? E axg ax§ay} B? Ey; 9§

22

3*w, azwo]

2 2 2
=—~VEE 7
£ W axgdye S axd v 0

§That is, solution methods must be provided; the results of this
paper must not be misinterpreted as results to be used with existing
solutions.

{This has been stated as a law by the author,” i.e., there is no
contradiction for all known specially orthotropic materials. The
behavior of the constant related to D* as a function of angle with
respect to the principle axis is discussed in the Appendix.

KARMAN-ROSTOVSTEV PLATE EQUATIONS IN AN AFFINE SPACE 473

D, 84W°+2D* ND| Dy, 3w, Dy 3w
A% axd A?’B?  ax3ayy  B* ayd
m F*w, g hf (82F0 3*wq
i az 4 | AZBT \ay3 oxd
3*F, Pw 02F, 3w
_ 0 o 0 20) ®)
9x08yy 0xydy, g Ayg

o duy, +_1__72<aw0 >2= f [ A? azFo_v12 azv:())
dx, 2 ax, E,, \ B> 4y} ax}
)
6B avo ( aw, )
Wy,
f E,, 9%F B2  $°F,
=L (-, 22 0, = 0 (10)
E; Ey, aJ’o axg
a 3 a ] d*F,
8B4 qa S0 (2 O 0w S 1y
axy ayy dxg ¥ Gy dx00yy

(In addition Egs. (9-11) have been multiplied by A2, B?, and
AB, respectively.)

Demanding that D,,/A%*=1 and D,,/B*=1, it is seen that

A*=Dy, (12a)
B*=D,, (12b)
A?B2=~/D, D, (12¢)

B [ Dy, 4 [D, ~
4z ND (and B VD ) (124

11

} } E A?
11 _ 22 =1 (12¢)
Ey E, B

Now concentrating for the moment on K-R equations
(7-8), it is seen that a simple form of these equations will ap-
pear if

(V2/HNE Ey =1 (13a)
and
hf/AZB? =1 (13b)

Using Eq. (12¢) in Eq. (13b) yields
f=~D;Dy/h (14)
and then from Eq. (13a)
v2=h2/12[1- (eD*)?] (15)

At this point, the K-R equations are in the desired form
(they will be displayed shortly with the complete affinely
transformed set), the affine stretching constants for x and y
(that is, A and B) have been determined by Egs. (12a) and
(12b), and the affine stretching for w and F [Egs. (If) and
1g)] have been determined by Eqgs. (14) and (15). That is,**

= [hAN12[1= (eD*)2 1w, (16)
F=[ND,,Dy/h]F, a7

**]t is noted that for other fixed quantities, F~ wh? is seen from
the ratio of Eqgs. (16) and (17).
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It remains to determine the in-plane displacement (and time)
stretching constants. The time-stretching constant is easily
seen to be

Cl=m (18)
so that the affine stretching relation for the time variable is
given by

t=<mt, 19)

Thus, attention turns to Egs. (9-11) to find the values for o
and 3. A close inspection of the structure of these equations
suggests trying substitutions of the form,

a= 'yz /Kl (203.)
and
B=v*/K, (20b)

Some algebra will reveal that
K, =D{i=A (21a)
K,=D4= (21b)
and that thé associated stress-strain equations take on a par-
ticularly simple form. Thus the complete set of affinely

transformed equations corresponding to Egs. (1-3) is given
by

x=Dlixy (22a)
y=D}y, (22b)
t=m"t, (22¢)
u=[y*/(Dy) " uy (22d)
v=[v*/(Dy)*]v, (22¢)
w=yw, (221)
F= (VD Dy/h)F, (22g)
3*F, L OFy_ 8F, 1 e —o @3
awh awiays | oy 2 o rete)=
*w, , Otwg 3wy 9w,
axd axgayy = ayd ark
= (1/7)q (x0,30,89) + £ (Fy,wy) 24
du 1 2 2 3°F, 3%F,
o ___( WO) _ 9% _ p9F0 @5)
ax, 2\ dx, Y3 axt
1 d 2 ?F, &°F,
9, +_< W0> - _prdfe 5 26)
3y, 2 \ 3y, g x5
a 3°F,
v, N duyg + %o Iw, — 2(H*+eD*) 210 )
9x, 3y, axy, 3y 3x,0y,
where
y=h?/{12[1~ (eD*)?]} (28a)
1 V2 )
H*= ( — vE,E 28b
26, E,/ % R
D* = (D; +2Dg)/NDy Dy, (28¢)
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eD* =D ,/ND D,, (28d)
3 3 3? 3? a 9
£(,)= -2 + 28¢
R T T e T T R R
and H* is related to D* and e through the relation
1I/H*=D*(1-¢)/[1—€(D*)?] 29)

Equation (29) is displayed in Fig. 1. Since the solutions are
weakly dependent on e, only one strong elastic parameter
(say D*) exists for these equations. (This weak dependence is
based on accumulated experience with various solution
categories.)

Thus, global solution scalars (e.g., frequencies, collapse
loads, extremum deflections), say S, are usually expressed

S=S(ao/b0,D*,€;P) (30a)

Recalling that solution scalars (S;) for the isotropic Kdrman
equations are of the form

S;=8,(a/b,D,v,p) (30b)

it must be concluded that, if a physical intuition can be
abstracted for the isotropic Karman plate problem, then it
most certainly also can be abstracted for the affinely
transformed K-R equations. In the next section, some very
simple examples are used to show how clearly the parametric
dependence of solution scalars may be displayed.

Approximate General Solutions
for SS-SS-SS-SS Plates
Using the simplest possible truncated series solution (the
isotropic equivalent of this technique is summarized® in
Donnell'!), it is assumed that

g (xo,¥0) =gy, (sinwxy/ay) (sinmyy/by) (31a)
Ug = Ugy + U1 Xy + UxpSIN2TXy/ Ay (31b)

Vg = Voo + U1 Vo + UgpSin2my, /by (31¢c)

wo = wy, (sinmx,/ay) (sinwyy/by) (31d)

Fo =8, ¥§/2+ S, x5/2+ froc082mxo/ g + fopc0827y/by  (31e€)
and the identities

2c0s2wzy/Co =1+ c0s2mZ,/ ¢y (32a)
and

2sin’wzo/co =1 —cos2wzy/cq (32b)

t1p is a miscellaneous parameter such as side load parameter, rib
buckling stress, yield stress, etc. Also, depending on the boundary
conditions, e (and hence v in the isotropic problem) may not be pres-
ent in the solution.

f{fNote that Donnell’s primary intent was not for solution ac-
curacy; in general, the over-riding interest was solution details. The
present work carries on in that tradition. In this same vein, note that
the assumed form of F, makes 3*F,/dx33y3 identically zero;
therefore, the effect of H* in Eq. (23) is lost in this simplest of ap-
proximations. Such would not be the case with more sophisticated
solution technigues.
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Fig. 1 H* inverse vs D* with ¢ as a parameter.
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Fig. 2 Load parameter 16pgaib3/x%y vs the deflection parameter
wyy for three values of D* (ay/by=1 and the sides free to pull
inward).

will be used freely. (zo/c, can be either xo/a, or yy/by.)
From Eq. (23), it is concluded that

_ wi ( ) )2
Ju= D) bo (33a)

wi ( b, )2
=—(— 33b
Jo 2 \q (33b)

and these results inserted into Eq. (24) will demand that

el () wapr e () | owas (2
T +2D* + +wy S, (—
Y ey 2, bo Wi19x, =
T \2 w} T \* T \*
*MﬁmG;)+7r{Q;)+(zﬁ]:%l G4
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Fig. 3 Nonlinear coefficient NL/w3; vs ay/by (the sides free to
pull inward).

Additionally, Eqgs. (25-27) yield the following results®® about
the membrane displacements:

w? T \2
uﬁ% a—0> =S, —€D*S, 35)
wi (T2 "
v1+T —b~0~ =S,,—eD*S,, (36)
and
27w} T\ 2 2m\2
(uzo)z“"—%(a—) =eD"fy (a_> 37
0 0
2 wi [ 7 \2 27\ 2
(v )——+——<—) =eD*f, (—) (38)
02 by 8 \b, 02 bo

The solutions basically reside in Eq. (34) with Eqgs. (35-38)
being used for auxiliary results, especially for the satisfaction
of membrane boundary conditions. In the following section,
specific problems are addressed.

Plates with Uniform Lateral Affine Load p,
(Edges Free to Pull Inward)
Considering g, to be the leading coefficient in a double

Fourier expansion for a uniform affine load p,, it is easily
verified that
g1 =16py/7* (39

Therefore, with the edges free to pull inward, ! 8¢y =5,,=0
and Eq. (34) with Eq. (39) inserted becomes

16 4 2 4
——p°6a°=[1+21)*( %o ) +< % ) ]wn
v by b
1 a 4
+§{”(£>]W (40)

§§Equation (27), to first order, is identically satisfied, hence the
nonappearance of the (H* +eD*) coefficient.

§9Free is to be interpreted as an integrated average (i.e.,
Sx():SyO:O)'
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or if a more symmetric form is desired Eq. (40) may be writ-
ten as

16p,a3b3 by \2 2
it _[(00 e (80 Y],
y ay b,

G ()T @

This last form is particularly interesting, since it is invariant
with respect to the inversion of the quantity a,/b,. Obvi-
ously, then, it is only necessary to find answers in the region
0<ay/by=1; thus, another solution economy has been uti-
lized. In either form, it is noted that the nonlinear part of
the solution depends only* on w,; and a,/b,, thus letting NL
denote the nonlinear portion of the solution,

S (S S

and, furthermore, since the nonlinear effect of w,, is simply
the multiplier w},, the final level of simplicity would be to

write
11 0 4

Finally, since the nonlinear coefficient is simply related to
the linear coefficient, their ratio may be of interest. This
ratio R is given by

R=1/{8[1+2D*/AB]} 44)

where AB is given by

AB=<a—°>2+< by )2 45)
bO ay

Thus, this ratio is smallest when a,/b,=1, i.e.,
R=1/[8(1+D*)] and, in the limit of a,/by—0 (or
ay/by— ), the coefficient is given by R=V4; that is, there
exists at most a factor of two difference in these two extreme
cases.

Figure 2 presents a traditional curve of the load parameter
vs the maximum deflection [from Eq. (41)] for a,/b,=1
with the linear solution shown in dashed lines. Figure 3
presents the nonlinear coefficient NL/wi, vs a,/b, from Eq.
43).

Plates with Uniform Lateral Affine Load p,
(Edges Restrained from Pulling Inward)

Imposing the in-plane boundary conditions that #,=0 at
x,=0, ay and v, =0 at y,=0, b, yields uy=vy=u;=v,=0
and the following values of the average membrane affine
stress:

1 (r)2[1+6D*(a0/b0)2]
=y () | BT 46
Sz =g Wi a, 1—-(eD*)? “6)

1 (w>2[1+eD*(b0/ao)2]
= w {—) |00l 47
S0=5 " \%, 1-(eD*)? “n

*At this point, the statement cannot be generalized to higher-order
solutions. The educated guess, of course, is that the higher-order
terms to the solution will depend on D*, but in a convergent series
the higher-order terms provide weaker and weaker overall correc-
tions to the first-order solution.
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Fig. 4 Load parameter 16pya}b}/x%y vs the deflection parameter
wyy for three values of D* (and two ¢ values) (qg/by=1 and the
sides restrained from pulling inward).

and the in-plane affine displacements

Uy = Uyysin2mxy/a, (48a)
Vg = Uppsin2myy/ by (48b)

where u,, and vy, are given by Egs. (37) and (38) in conjunc-
tion with Eqgs. (33).

Inserting Eqs. (39), (46), and (47) into Eq. (34) yields the
desired result (once again invariant upon the inversion of
a,/by), namely

ot _[(0) 4 gy (L),
YT bg )
+ {[( % >2+26D*+( i )2] [1- (eD?)?] !
by ay
) ()3 )
0 0

Letting NL1 be the nonlinear portion of the solution, it is
seen that

NLI/W?] =g(ao/b0yED*) (50)

Figure 4 presents a traditional curve of the load parameter vs
the maximum deflection [from Eq. (49)] for a,/b,=1 with
the linear solution shown in dashed lines. Figure 5 presents
the nonlinear coefficient NL1/w3}, vs a,/b, for two values of
eD* from Eq. (50) and Fig. 6 presents a traditional curve of
the load parameter vs @,/b, for w,;; =3, where again the
linear solution is shown in dashed lines.

Ultimate Plate Buckling Load
(Limited by Rib Buckling)
Assuming that the edges are free to move in the plane of
the panel (Sy0 =0) and since there is no lateral load (g, =0)
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Fig. 5 Nonlinear coefficient NL1/w}; vs ay/b, for two values of
eD* (the sides restrained from pulling inward).

Eq. (34), upon using the result’

T ZW%I

(Z) 2es, + 0 (51

a, 8

becomes

w bl G) e (5]

G O G ()]

(52)
where the definitions
S, =8, (a,/7)> (53)
and
o= (0, )0(a/m)? (54)

have been utilized. In particular, if a,/b,=1, Eq. (52)
reduces to a much simpler form, namely

) 2 i
“ o 2| (1+D*)+VE
\/E—O 3 [\/Eg( O+ 0] (55)

Figure 7 plots an ultimate load parameter curve similar to
traditional curves presented for isotropic Karman plates. In
particular, note the isotropic Karman solution added for
comparison.

Generalization of the Results
for Cross-Ply Symmetric Plates
Using results developed by Tsai,'? rewriting Eq. (2) in
terms of compliances, and using the ideas described by the
author,”® all of the above results can be modified slightly to
describe cross-ply symmetric laminated K-R plates.

TBZFO/By% evaluated at y, =0, by is —(0,)o for collapse limited by
rib buckling.
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Fig. 6 Load parameter 16pya3/b3/xSy vs ay/by for wy =3 (the
sides restrained from pulling inward).
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Fig. 7 Ultimate load parameter —S, /I, vs the inverse of the rib
load parameter I, for three values of D*, aq/by =1 (collapse load is
limited by rib buckling).

Conclusions

The K-R equations have been presented in a particularly
useful affine space and their solution properties have been
examined by a series of problems. The problems are very
simple, but they serve to illustrate the usefulness of this
paper’s central contribution—namely, that a set of coupled,
moderate rotation, orthotropic plate equations (which can be
easily modified to include cross-ply symmetric composite
plates) in just one strong elastic parameter (D*) is available
for analysis and design purposes.

Appendix: D* for an Anisotropic Lamina

Among several quantities associated with D* for off-axis
directions (all related by angle-dependent scale factors), a
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convenient choice is D* defined as
D*= (D, +2D)/ND, D, (AD)

In particular, note that the denominator contains the prin-
cipal values of D, and D), i.e., they are not barred
quantities.

Given the lamina definitions for D;, and D, namely,

Dy, = (Dy; + Dy, — 4D )sin6cos20 + Dy, (sin*8 + cos*9)

and (A2)

Dgg= (D1 + Dy, — 2D, —2D¢ )sin?fcos?6
+Dg (sin*6 + cos*6) (A3)

some manipulation using trigonometric identities reveals a
particularly simple form for D*. It is expressed as

D*=D* + %[K~' + K—2D*]sin220 (A4
where
D*= (D3 +2Dg)/NDy Dy, (A5)
and
K=~'D,,/Dy; (A6)

The difference AD*=D*—D* depends only on a K- and
D*-dependent coefficient [namely, 0.75 (K~!+K—2D*)]
and a simple trigonometric function, sin226. The angles for
maximum AD* and D* are +x/4 and +3w/4. The depend-
ence of AD* on D* and K is obvious.

However, the most important feature of Eq. (A4) is that
its overall statement, which is

D*=D* (A7)
does not in any way infringe on the statement

0=D*=<1 (A8)
Indeed, the above statements are uncoupled from one
another in the sense that, although D* depends on D*, it has

no influence on the range of D* previously established by the
author.
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